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Abstract
Torsion in a 5D spacetime is considered. In this case gravitation is dened by
the 5D metric and the torsion. It is conjectured that torsion is connected with
a spinor eld. In this case Dirac's equation becomes the nonlinear Heisenberg
equation. It is shown that this equation has a discrete spectrum of solutions
with each solution being regular on the whole space and having nite energy.
Every solution is concentrated on the Planck region and hence we can say that
torsion should play an important role in quantum gravity in the formation
of bubbles of spacetime foam. On the basis of the algebraic relation between
torsion and the classical spinor eld in Einstein-Cartan gravity the geometrical








It is well known [1], [2], [3] that the inclusion of torsion leads to the result that in the Dirac
equation there appears a nonlinear term. Heisenberg was the rst researcher to investigate
such a nonlinear equation [4], [5]. He assumed that a quantization of this nonlinear equation
would give the mass spectrum of elementary particles. This attempt was not successful.









 , is the consequence of including torsion in the geometry of spacetime. On
the other hand it is well known that the 4D Dirac equation can be naturally generalized to
a 5D equation. In this letter the Dirac equation is considered in 5D spacetime with torsion.
This 5D Heisenberg equation has a discrete spectrum of regular solutions with nite energy.
Since the kernel of this solution is concentrated in a region whose size is comparable with
the Planck length we can postulate that torsion plays important role in the formation of
spacetime foam in quantum gravity.
II. 5D HEISENBERG EQUATION
In this letter the 5D spacetime is the principal bundle with the U(1) structural group
and Einstein's 4D spacetime as the base of this bundle [6]. In this case any physical elds
will not depend on the 5th coordinate. The Lagrangian for the Dirac spinor eld in this
























is the torsion tensor; A,B,C=0,1,2,3,4 are 5D spacetime indices; 
A
are Dirac
















) is the Ricci scalar including torsion. The covariant derivative is



























here a; b = 0; 1; 2; 3; 4 are ve-bein indices; 
a









is the 5D Minkowski metric; [,] means antisymmetrization; f,g is symmetrization. The






















is a ve-bein,  
A
BC
are Christoel symbols. Varying the torsion, spinor elds and































































































is Planck length), R
AB
is







































We suppose that in this spacetime there are regions where torsion plays as signicant a
role as ordinary gravity without torsion. In this case equation (5) is the key equation for
3
understanding what happens in such small regions. In this note we want to demonstrate that
the 5D Heisenberg equation, taking into account torsion, has solutions which are regular in
the whole spacetime where the gravitational eect comes only from torsion.
The ansatz for equation (5) is taken as the standard spherically symmetric spinor:






























































here r; ; ' are the spherical coordinates. It is interesting to note that in the 4D case

























 ) in the Heisenberg equation is spherical symmetric only in 5D space-
time. This is highly unusual and evidently points to the close connection between
torsion and multidimensional gravity. The substitution of Eq. (9) into Heisenberg's
Eq. (5) gives us the following two equations (remember that we ignore the gravity eects
connected with the metric):
g
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here h; c = 1. These equations coincide identically with equations for the 4D Heisenberg






). Thus, Eqs (10) and (11) have a discrete spectrum of regular solutions in all















+    ; (13)

2


















If the energy of such solutions is !  E
P l
and m = 0 then practically these solutions are
nonzero only in the Planck region.
III. DISCUSSION
1. Thus, we see that the linear size of this solution is on the order of the Planck length.
The energy, spin and action are nite for this solution and concentrated in the Planck
region. This means that this solution will give the essential contribution to the Feynman
path integral in quantum gravity. All these results allow us make the assumption that
torsion can play a very important role in the formation of bubbles in the spacetime foam
and in preventing cosmological singularities [9], [10]. In conclusion I would like to underline
that probably torsion + multidimensional gravity is a more natural object in nature
than either object separately.
2. It is well known that boson (gauge) elds have a geometrical interpretation in multi-
dimensional Kaluza-Klein theories as o-diagonal components of a multidimensional metric.
Unfortunately the fermion elds do not have a similar geometrical interpretation. This is
a big obstacle to Einstein's point of view that nature is pure geometry . It is possible
that Eq. (4) can be considered as an algebraic relation for geometrization of the classical
spinor eld. Let us examine it not in terms of the right side (spinor eld) as the source
for the left side (torsion) but vice versa: torsion S
abc
is the source of the classical spinor
eld  . In this case we can say that the classical spinor eld in some sense is \the square
root" of torsion just the Dirac equation is \the square root" of the Klein-Gordon equation.
Such a point of view immediately leads to the conclusion that nonpropagating torsion
in Einstein-Cartan gravity is the geometrical source for fermion elds. In 4D






 where in the left and right sides of the
equation we have 4 degrees of freedom. In order to dene the 4 spinor components we have
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4 quadratic algebraic equations. In this case the Heisenberg equation (5) is equation for


















= 10 degrees of freedom. Hence each component of the spinor
would be some nonlinear combination of 10 torsion components. But in fact the Heisenberg
equation (5) has only 4 components, hence for geometrization of the spinor eld in 5D space
we should be have torsion with some algebraic restrictions on torsion.
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